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Abstract. For each square complex matrix, V. I. Arnold constructed a normal form with 
the minimal number of parameters to which a family of all matrices B that are close enough to 
this matrix can be reduced by similarity transformations that smoothly depend on the entries of 
B. Analogous normal forms were also constructed for families of complex matrix pencils by A. 
Edelman, E. Elmroth, and B. Kagstrom, and contragredient matrix pencils (i.e., of matrix pairs up 
to transformations {A, B) {S~^ AR, BS)) by M. I. Garcia-Planas and V. V. Sergeichuk. In 
this paper we give other normal forms for families of matrices, matrix pencils, and contragredient 
matrix pencils; our normal forms are block triangular. 
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1. Introduction. The reduction of a matrix to its Jordan form is an unstable 
operation: both the Jordan form and the reduction transformations depend discon- 
tinuously on the entries of the original matrix. Therefore, if the entries of a matrix 
are known only approximately, then it is unwise to reduce it to Jordan form. Fur- 
thermore, when investigating a family of matrices smoothly depending on parameters, 
then although each individual matrix can be reduced to its Jordan form, it is unwise 
to do so since in such an operation the smoothness relative to the parameters is lost. 

For these reasons, Arnold [1 constructed a miniversal deformation of any Jordan 
canonical matrix J; that is, a family of matrices in a neighborhood of J with the 
minimal number of parameters, to which all matrices M close to J can be reduced by 
similarity transformations that smoothly depend on the entries of M (see Definition 
[2T]) . 

Miniversal deformations were also constructed for: 

(i) the Kronecker canonical form of complex matrix pencils by Edelman, Elm- 
roth, and Kagstrom 9 ; another miniversal deformation (which is simple in 
the sense of Definition l2.2|) was constructed by Garcia-Planas and Sergeichuk 

(ii) the Dobrovol'skaya and Ponomarev canonical form of complex contragredient 
matrix pencils (i.e., of matrices of counter linear operators U ^ V) in iD]. 

Belitskii [4] proved that each Jordan canonical matrix J is permutationally sim- 
ilar to some matrix J^^, which is called a Weyr canonical matrix and possesses the 
property: all matrices that commute with J'^ are block triangular. Due to this prop- 
erty, plays a central role in Belitskii's algorithm for reducing the matrices of any 
system of linear mappings to canonical form, see [5l [11] . 

In this paper, we find another property of Weyr canonical matrices: they possess 
block triangular miniversal deformations (in the sense of Definition 12. 2[) . Therefore, 
if we consider, up to smooth similarity transformations, a family of matrices that are 
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close enough to a given square matrix, then we can take it in its Weyr canonical form 
J"^ and the family in the form J"^ + in which E is block triangular. 

We also give block triangular miniversal deformations of those canonical forms of 
pencils and contragredient pencils that are obtained from (i) and (ii) by replacing the 
Jordan canonical matrices with the Weyr canonical matrices. 

All matrices that we consider are complex matrices. 
2. Miniversal deformations of matrices. 

Definition 2.1 (see [IIHIIS])- A deformation of an n-by-n matrix A is a matrix 
function A{ai, . . . , a^) {its arguments ai, . . . , cufe are called parameters) on a neigh- 
borhood 0/0= (0, . . . , 0) that is holomorphic at and equals A at 0. Two deformations 
of A are identified if they coincide on a neighborhood o/O. 

A deformation A{ai, . . . , a^) of A is versal if all matrices A + E in some neigh- 
borhood of A reduce to the form 

A{h,{E), hk{E)) = S{E)-\A + E)S{E), 5(0) = /„, 

in which S{E) is a holomorphic at zero matrix function of the entries of E. 

A versal deformation with the minimal number of parameters is called miniversal. 

Definition 2.2. Let a deformation A of A be represented in the form A + 
B{ai, . . . ,afc). 

• If k entries of B{ai^ . . . , aj.) are the independent parameters ai, . . . , and 
the others are zero then the deformation A is called simpl^ll- 

• A simple deformation is block triangular with respect to some partition of A 
into blocks if B{ai, . . . , ak) is block triangular with respect to the conformal 
partition and each of its blocks is either or all of its entries are independent 
parameters. 

If ^(ai,...,afc) is a miniversal deformation of A and S~^AS = B for some 
nonsingular 5, then ^"^^(ai, . . . , ak)S is a miniversal deformation of B. Therefore, 
it suffices to construct miniversal deformations of canonical matrices for similarity. 

Let 



J(A) J„,(A) 



©J„, (A), ni^n2^...^ni. 



(2.1) 



be a Jordan canonical matrix with a single eigenvalue equal to A; the unites of Jordan 
blocks are written over the diagonal: 



A 1 
A 









(rii-by-nj). 



^Arnold's miniversal definitions presented in Theorem l2.3l are simple. Moreover, by [10] Corollary 
2.1] the set of matrices of any quiver representation (i.e., of any finite system of linear mappings) 
over C or R possesses a simple miniversal deformation. 
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For each natural numbers p and define the p ^ q matrix 

"* ... o' 



Tpq < 



* ... 
... O' 



if p < g, 



if P ^ 9, 



(2.2) 



in which the stars denote independent parameters (alternatively, we may take Tpq 
with p = q as m the case p < q). 

Theorem 2.3 ( 3, §30, Theorem 2]). (i) Let J(A) be a Jordan canonical matrix of 
the form (|2.ip with a single eigenvalue equal to X. Let % := [Tn-^uj] be the parameter 
block matrix partitioned conformally to J{X) with the blocks Tni,nj defined in 
Then 



j{x) + n 



(2.3) 



is a simple miniversal deformation of J{X). 
(ii) Let 



J J(Ai) © • • • ® J{Xr), X, ^ Xj if i ^ J, 



(2.4) 



be a Jordan canonical matrix in which every J{Xi) is of the form (|2.1I) . and let J{Xi 
Hi be its miniversal deformation (j2.3l) . Then 



j + ic~{j{Xi) + ni)' 



■®{J[Xr)+Ur) 



(2.5) 



is a simple miniversal deformation of J . 

Definition 2.4 ([13]). The Weyr canonical form J'^ of a Jordan canonical 
matrix J {and of any matrix that is similar to J) is defined as follows. 

(i) // J has a single eigenvalue, then we write it in the form (|2.ip . Permute the 
first columns of J„j (A), J„2 (A), . . . , and J„, (A) into the first I columns, then permute 
the corresponding rows. Next permute the second columns of all blocks of size at least 
2x2 into the next columns and permute the corresponding rows; and so on. The 
obtained matrix is the Weyr canonical form J(A)'^ of J(A). 

(ii) // J has distinct eigenvalues, then we write it in the form (|2.4p . The Weyr 
canonical form of J is 



J 



J(Ai)#©---© J(A,) 



# 



(2.6) 



Each direct summand of ( 12.61) has the form 



J(A) 



# 



XIs 



'S2 



AL. 




A/„, 



(2.7) 



in which Si is the number of Jordan blocks J; (A) of size I ^ i in J(A). The sequence 
(si, S2i ■ • ■ 7 Sfe) is caUed the Weyr characteristic of J (and of any matrix that is similar 
to J) for the eigenvalue A, see l^- By U or (TTJ Theorem 1.2], all matrices commuting 
with J'^ are block triangular. 

In the next lemma we construct a miniversal deformation of J"^ that is block 
triangular with respect to the most coarse partition of J^^ for which all diagonal 
blocks have the form A^/ and each off-diagonal block is or /. This means that 
the sizes of diagonal blocks of (|2.7p with respect to this partition form the sequence 
obtained from 

Sk, Sk-l-Sk, S2-S3, S1-S2, 

Sk, Sk-l - Sk, . . . , S2 - S3, 



Sk, Sk-l - Sk, 
Sk 

by removing the zero members. 

Theorem 2.5. (i) Let J(A) be a Jordan canonical matrix of the form (|2.ip with a 
single eigenvalue equal to A. Let J{X) + T-L be its miniversal deformation (j2.3p . Denote 
by 

J{Xf+n* (2.8) 

the parameter matrix obtained from J (A) + H by the permutations described in Defi,- 
nition ^I^ i) . Then J(A)'* + T-L'^ is a miniversal deformation of J{X)'^ and its matrix 
T-i^ is lower block triangular. 

(ii) Let J be a Jordan canonical matrix represented in the form l|2.4p and let J"^ 
be its Weyr canonical form. Let us apply the permutations described in (i) to each of 
the direct summands of miniversal deformation ()2.5|) of J . Then the obtained matrix 

J* + K,* := ( J(Ai)# +n*)®---® {J{K)* + nf) (2.9) 

is a miniversal deformation of J"^ , which is simple and block triangular {in the sense 
of Definition 12.21) . 

Let us prove this theorem. The form of J(A)* + and the block triangularity 
of H'^ become clearer if we carry out the permutations from Definition 12. 4r il in two 
steps. 

First step. Let us write the sequence ni, 712, . . . , ri/ from (j2.ip in the form 



mi, . ^. , mi , m2, . , m2 , . . . , m-t, . ^. , mt , 
ri times r2 times rt times 

where 

mi > m2 > • • ■ > nit. (2-10) 

Partition J(A) into t horizontal and t vertical strips of sizes 

nmi, r2m2, rtrut 

(each of them contains Jordan blocks of the same size), produce the described per- 
mutations within each of these strips, and obtain 

J(A)+ Jm, (A/,J © • • • © J™, (XlrJ, (2.11) 
4 



in which 



Mr- 







Mr. 



Mr 



{rrii diagonal blocks). 



By the same permutations of rows and columns of J(A) + "H, reduce "H to 

in which every l'mi,mji'i'i,'rj) is obtained from the matrix %ni,mj defined in (|2.2p by 
replacing each entry with the x Vj zero block and each entry * with the x rj 
block 



(2.12) 



For example, if 

J(A) = Ji{X) © ■ • • © Ji{X) © J2(A) © 



© J2(A) 



(2.13) 



p times 



q times 



then 



(1,1) 


(1,2) 


(1,3) 


(1,4) 


(2,1) 


(2,2) 






" A/p 


Ip 














(1,1) 







Mp 


Ip 











(1,2) 


J4(A/p)© J2(A/g) = 








Mp 


Ip 








(1,3) 













Mp 








(1,4) 
















Mq 


I, 


(2,1) 



















Mq 


(2,2) 



(2.14) 



A strip is indexed by («,j) if it contains the j-th strip of JmiiMn)- Correspondingly, 



(2.15) 



(1,1) 


(1,2) 


(1,3) 


(1,4) 


(2,1) 


(2,2) 
























(1,1) 






















(1,2) 


n+ = 




















(1,3) 




★ 


★ 


* 


★ 


* 




(1,4) 





















(2,1) 



















(2,2) 



Second step. We permute in J(A)+ the first vertical strips of 

<Ani(A/ri): Jm2^^-^"i'2^ ^ J^niti^-^rt) 

into the first t vertical strips and permute the corresponding horizontal strips, then 
permute the second vertical strips into the next vertical strips and permute the cor- 
responding horizontal strips; continue the process until J(A)'^ is achieved. The same 
permutations transform TL^ to . 
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For example, applying there permutations to (|2.14p and (j2.15p . we obtain 



(1,1) (2,1) (1,2) (2,2) (1,3) (1,4) 



J(A) 



# 








Ip 











(1,1) 





A/, 













(2,1) 








A/p 





Ip 





(1,2) 



















(2,2) 














A/p 


Ip 


(1,3) 

















A/p J 


(1,4) 



(2. If 



and 



(1,1) (2,1) (1,2) (2,2) (1,3) (1,4) 



# 





















(1,1) 


★ 

















(2,1) 




















(1,2) 


★ 


★ 





★ 








(2,2) 




















(1,3) 






★ 




★ 


★ 


(1,4) 



(2.17) 



Proof of Theorem \2.5[ (i) Following (|2.14p . we index the vertical (horizontal) 
strips of J(A)^ in (j2.11l) by the pairs of natural numbers as follows: a strip is indexed 
by if it contains the j-th strip of JmiiXIn)- The pairs that index the strips of 
J(A)"'' form the sequence 



(1,1) 
(2,1) 



(1,2), 
(2,2), 



(1,™*), 

(2, TO*), 



(1,"^2) 

(2, ma) 



(l,TOl), 



(2.18) 



(t,l), {t,2), {t,mt), 

which is is ordered lexicographically. Rearranging the pairs by the columns of (|2.18p : 

(1,1), (2,1), (t,l); (l,mt), (2,mt), {t,mt); (l,mi) (2.19) 

(i.e., as in lexicographic ordering but starting from the second elements of the pairs) 
and making the same permutation of the corresponding strips in J(A)"'' and 'H'^, we 
obtain J(A)^ and see examples (|2.16l) and (|2.17p . 

The (i', j'))-th entry of is a star if and only if 



either i ^ i' and j — mi, or i > i' and / = 1. 



(2.20) 



and i 



□ 



By (|2.10p . in these cases j > j' and if j = f then either j = j' 
j — j' — 1 and i > i' . Therefore, is lower block triangular. 

(ii) This statement follows from (i) and Theorem 12.3^ 11). 

Remark 2.6. Let J{X) be a Jordan matrix with a single eigenvalue, let mi > 
7712 > • • • > mt be the distinct sizes of its Jordan blocks, and let ri be the number of 
Jordan blocks of size mi. Then the deformation J(A)'* + TC^ from Theorem \2.5\ can 
be formally constructed as follows: 

• JiX)"^ and'W^ are matrices of the same size; they are conf or mally partitioned 
into horizontal and vertical strips, which are indexed by the pairs (j2.19l) . 

• The {{i, j), {i, j))-th diagonal block of J{X)'^ is XI^, its {{i, j), {i, j + l))-th 
block is In , and its other blocks are zero. 

• The {{i,j),{i',j'))-th block of %+ has the form (^1^ if and only if (P?^ 
holds: its other blocks are zero. 
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3. Miniversal deformations of matrix pencils. By Kronecker's theorem on 
matrix pencils (see [B] Sect. XII, §4]), each pair of m x n matrices reduces by equiv- 
alence transformations 



{A, B) ^ {S~'^AR, S~'^BB), S and R are nonsingular, 

to a Kronecker canonical pair (^kr, ^kr) being a direct sum, uniquely determined up 
to permutation of summands, of pairs of the form 



(/„J,(A)), (J,.(0),/,), {Fr,Gr), iF^,G^), 



in which A S C and 



(3.1) 



are matrices of size r x (r — 1) with r ^ 1. 

Definitions 12.11 and 12.21 are extended to matrix pairs in a natural way. 

Miniversal deformations of (Akr,-Bki) were obtained in [SJ[Tn]. The deformation 
obtained in |10) is simple; in this section we reduce it to block triangular form by 
permutations of rows and columns. For this purpose, we replace in (j4kr,5kr) 

• the direct sum (/, J) of all pairs of the form (/,.. J,- (A)) by the pair (/, J^), 
and 

• the direct sum (J(0),/) of all pairs of the form (Jr(0),/r) by the pair 
{^(0)#,/), 

in which J"^ and J{0)'^ are the Weyr matrices from Definition 12.41 We obtain a 
canonical matrix pair of the form 



0(F^^, Gjj ® (/, J*) ® ( J(0)#, /) © 0(F,. , G,.); 



i=l 



in which we suppose that 



Pi 



Pi, 



(3.2) 



(3.3) 



(This special ordering of direct summands of 
deformation that is block triangular.) 
Denote by 



admits to construct its miniversal 



0^ := 











0^ := 









; 




; 






* 



the matrices, in which the entries of the first row, the last row, the first column, and 
the last column, respectively, are stars and the other entries are zero, and write 







Z := 







(the number of zeros in the first row of Z is equal to the number of rows). The stars 
denote independent parameters. 

In the following theorem we give a simple miniversal deformation of (j3.2p that 
is block triangular with respect to the partition of p.2p in which and J(0)^ are 
partitioned as in Theorem ED and all blocks of {F^^,G'^J and (F,^,G,J are 1-by-l. 

Theorem 3.1. Let (A,B) be a canonical matrix pair of the form (j3.2p satisfying 
(|3.3p . One of the block triangular simple miniversal deformations of {A, B) has the 
form {A,B), in which 



A:= 



P2 






F^ 











/ 






0^ 0^ . . 


0^ 





j{o)* + n* 










Qi 




0^ 0^ . . 


0^ 





Qi 






F 



92 



Fo. 



(3.4) 



and 



B := 



Z^ 



P2 



Z^ ... Z^ Gl 








0^ 0^ ... 0^ 


J* + JC* 












/ 




0^ 

ot 


ot 
ot 





z 




o't 




z 



Z G 



<Jr J 



(3.5) 



where J(O)'^ + T-C^ and J"^ + K/^ are the block triangular miniversal deformations 
(12:81) and ^OM. 



Proof. The following miniversal deformation of matrix pairs was obtained in |10| . 
The matrix pair p.2p is equivalent to its Kronecker canonical form 



(Afa, Bkr) := 0(F,, , G,J e (/, J) e ( J(0), /) ® 0(Fp^, GJJ. 



By [ini Theorem 4.1], one of the simple miniversal deformations of (Akr, B^i) has the 
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form (^iti.,Bkr), in which 



Fi 





Qi 


0^ 0^ ... 0^ 




/ 












J(0) + H 


0^ 0^ ... 0^ 







F^ 

F^ 

pi-i 



pi . 



and 



G,, Z .. 


. z 


0^ 






0^ 






. z 


0^ 







0^ 









0^ 






0^ 








J + /C 





0^ 


0^ ... 


0^ 








/ 













'^Pl 


z^ .. 


. z^ 














^pl-1 


■ z^ 

rT 



In view of Theorem 12.51 the deformation (Ar,;Bkr) is permutationaUy equivalent to 
the deformation [AtB) from Theorem 13.11 (The blocks Ti. and K. in (Ai.,Bkr) are 
lower block triangular; because of this we reduce (Ar, 'Bkr) to {A^ B), which is lower 
block triangular.) □ 

Remark 3.2. Constructing J(A)'^, we for each r join all r-by-r Jordan blocks 
JriX) of J(A) in Jr{XI); see (12. lip . We can join analogously pairs of equal sizes in 
p.2p and obtain a pair of the form 

I' r' 

0(F^^,GJ,) © {I, J*) © (J(0)#,/) © 0(/',,,G,,), (3.6) 

1=1 1=1 

in which p[ < • • • < and q[ > • • • > q'^,. This pair is permutationaUy equiv- 
alent to p.2p . Producing the same permutations of rows and columns in (j3.4p 
and dSSl), we join all F^,Gl,Fq,Gq in F^,G^,Fq,Gq, and 0, 0''", 0-^, 0^, 0^, Z m 
0,W ,0^,0'^ ,0^ , Z which consist of blocks and * defined in (j2.12p .' the obtaining 
pair is a block triangular miniversal deformation of p.6p . 

4. Miniversal deformations of contragredient matrix pencils. Each pair 
of m X n and nxm matrices reduces by transformations of contragredient equivalence 



{A, B) ^ {S^^AR, R-^BS), S and R are nonsingular, 
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to the DobrovoVskaya and Ponomarev canonical form [7] (see also [S]) being a direct 
sum, uniquely determined up to permutation of summands, of pairs of the form 



{Ir,Jr{X)), (J.(0),/.), {Fr,G^), (FJ,G,), 



(4.1) 



in which A G C and the matrices Fr and Gr are defined in p.ip . 
For each matrix M, define the matrices 



... 

M 



M 











that are obtained by adding the zero row to the top and the zero column to the right, 
respectively. Each block matrix whose blocks have the form 7a (in which T is defined 
in (|2.2p ) is denoted by T-Lt^. Each block matrix whose blocks have the form 7> is 
denoted by H>. 

Theorem 4.1. Let 



{I,J)(B{A,B) 



(4.2) 



be a canonical matrix pair for contragredient equivalence, in whicti J is a nonsingular 
Jordan canonical matrix, 

I r 

{A, B) := 0(^;,, , Gjj © (/, J(0)) ® ( J'(0), /) © ^{Fl, G,J, 



J(0) and J'(0) are Jordan matrices with the single eigenvalue 0, and 

Pi ^ P2 ^ ■ ■ ■ > Pi, qi ^ q2 ^ ■ ■ ■ ^ qr- 

Then one of the simple miniversal deformations of (j4.2l) has the form 

(/, J + /C)® (A6), 



(4.3) 



in which J + IC is the deformation (|2.5p of J and (A, B) is the following deformation 
of{A,B): 



A: 



F„ 



T 

p 



r 












T 




H 




n 






J 


H 








j'io) + n 


n 










r ... 


r 



G 



92 



T 

GT 
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and 



B := 



g: 



r 
r 



r 



n 



n 



j(o) + n 



n 



n 



' 91 

r 
r 



r 



Proof. The following simple miniversal deformation of (j4.2p was obtained in |10l 
Theorem 5.1]: up to obvious permutations of strips, it has the form 



{I,J + JC)®{A',B' 



(4.4) 



in which J + /C is (12.5 







r 


.. r 
















+ T 


■■. r 





H 




n 











^;>, + r 












A' := 





/ 













J'(0) + -H 


H 
















T .. 


T 





















T 



and 



B' := 



r ..." r G^, 


H 








H 


J(0) + H 









n 


/ 







H 





Fg,+T 

r F,, + r 

r ... r Fg^ + r _ 



Let (G, I?) be the canonical pair (|4.2p . and let (T', Q) be any matrix pair of the 
same size in which each entry is or *. By ilOi Theorem 2.1], see also the beginning of 
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the proof of Theorem 5.1 in 10 , {C + V, D + Q) is a. versal (respectively, miniversal) 
deformation of (C, D) if and only if for every pair (Af, N) of size of (C, D) there exist 
square matrices S and R and a pair (respectively, a unique pair) (P, Q) obtained from 
(V, Q) by replacing its stars with complex numbers such that 

(M, N) + [CR - SC\ DS - RD) = (P, Q). (4.5) 

The matrices of (C, D) are block diagonal: 

C = Ci©C2©---©Ct, D ^ Di®D2®---®Dt, 

in which (C^, Z?i) are of the form (14. ip . Partitioning conformally the matrices of 
(M, A^) and ("P, Q) and equating the corresponding blocks in (14. 5p . we find that (C + 
P, D + Q) is a versal deformation of (C, Z?) if and only if 

for each pair of indices («,j) and every pair (Afjj, 7Vj_,) of the 
size of (Pjj, Qij) there exist matrices Sij and Pjj and a pair 
(Pij , Qij ) obtained from [Vij , Qij ) by replacing its stars with 
complex numbers such that 

{Mij,Nij) + {CiRij — SijCj, DiSij — RijDj) — {Pij,Qij). 



(4.6) 



Let (C + T",D+ Q') be the deformation (|44)) of (C, £>). Since it is versal, 

for each pair of indices and every pair {Mij,Nij) of the 
size of {Vij, Q'ij) there exist matrices Sij and Rij and a pair 
(i^'j , Q -J ) obtained from (P-^ , Q ) by replacing its stars with 
complex numbers such that (4-7) 

{M,„N,j) + (CP,, - S,,C,, DA, ~ R,,D,) = {Pl,M. 



Let (C + P, Z? + Q) be the deformation (|4.3p . In order to prove that it is versal, 
let us verify the condition (gS]). If (Py , Q^) = (P^, Q^^) then gj]) holds by (jiT]) . 

Let {Vij, Qij) ^ {V'ij,Qij) for some (i,j). Since the condition (|4.7p holds, it 
suffices to verify that for each {Pi j, Q'ij) obtained from {V'ij, Q'ij) by replacing its stars 
with complex numbers there exist matrices S and R and a pair {Pi j, Qij) obtained 
from {Vij , Qij ) by replacing its stars with complex numbers such that 



{PLQ^i) + {C^R - SCj, D,S - RD,) - {PrJ,Q^,). 



(4.; 



The following 5 cases are possible. 
Case 1: {Ci, Di) = {Fp, Gp) and i = j. 



Then 



(i^„Q^) = (r, 0)= 







ai 







(we denote by T any matrix obtained from T by replacing its stars with 
complex numbers). Taking 



S 



■ 

Ctp-l 

ai Q!2 



0' 



Qfp-i 



R 







Q!3 



0" 



a2 as ■. ttp-i 0_ 
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in (|4.8p . we obtain 





Olp-1 






\ 


j =(0,T) 









(Fp,G^') and {Cj,D.j)^{I, 



„„J™(0)). Then (/^^.,g^) = 
, we obtain {Pij,Qij) (7^,0). 
= (J„(0),/„). Then (/^',,g,y = 



we obtain {Pij,Qij) = (T, 0). 



(G,^i^,). Then 



(0,T). 

(o,r). 
(o,r). 

(T,0). 



Case 2: = (-Fp,Gj^ 

Taking S :— — and R :— m 
Case 3: (G,, A) = (/m, Jm(0)) and (Gj 

Taking := and i? := T in 
Case 4: (Gi, A) = (^m, Jm(0)) and{Gj,^j, - ^^q,^^,. v-jj,-^ijy 

Taking and i? := in we obtain {Pij,Qij) = (Tt>, 0). 

Gase 5; (G„ A) = ( J„(0), /„) and (G,, A) = i^P^ Gj, ). Then (i^^, Q^^) 
Taking S" := and i? := in gl]), we obtain {Pij,Qij) = (0,r^). 
We have proved that the deformation (|4.3p is versal. It is miniversal since it has 
the same number of parameters as the miniversal deformation (j4.4p . □ 

Remark 4.2. T/ie deformation [I,. J + /C) (.4, ;B) /rom Theorem WA\ can he 
made block triangular by the following permutations of its rows and columns, which 
are transformations of contragredient equivalence: 

• First, we reduce {I, J + K.) to the form (I, J"^ + IC^), in which J"^ + JC^ is 
defined in (12. 9p . 

• Second, we reduce the diagonal block J(0) + TL in B to the form J(O)'^ + TC^ 
{defined in (j2.8l) ) by the permutations of rows and columns of B described in 
Definition 12.41 Then we make the contragredient permutations of rows and 
columns of A. 

• Finally, we reduce the diagonal block J'{0) + 7i in A to the form J' (0)'^ + 
[defined in l\2.8^ ) by the permutations of rows and columns of A described in 
Definition \2A[ and make the contragredient permutations of rows and columns 
of B. The obtained deformation J'(O)'^ + T-L"^ is lower block triangular, we 
make it upper block triangular by transformations 



P{J'{0)* +H*)P, P 



(i.e., we rearrange in the inverse order the rows and columns of A that cross 
J'{0)'^ and make the contragredient permutations of rows and columns 

ofB). 
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